Abstract. The formalism of SUSYQM (SUperSYmmetric Quantum Mechanics) is properly modified in such a way to be suitable for the description and the solution of a classical maximally superintegrable Hamiltonian System, the so-called Taub-Nut system, associated with the Hamiltonian:
Introduction
We consider the classical Hamiltonian in R N given by:
where k and η are real parameters, q = (q 1 , . . . , q N ), p = (p 1 , . . . , p N ) ∈ R N are conjugate coordinates and momenta, and q 2 ≡ |q| 2 = N i=1 q 2 i . We recall that H η has been proven to be a maximally superintegrable Hamiltonian by making use of symmetry techniques [3] . This means that H η is endowed with the maximum possible number of (2N − 1) functionally independent constants of motion (including H η itself). In fact, besides the integrals of motion provided by the so(N ) symmetry, H η is endowed with an η−deformed N D Laplace-Runge-Lenz vector R. This means there exist N additional constants of motion coming from the components of R, 
The squared modulus of R is radially symmetric, and turns out to be expressible in terms of H η and L 2 :
As a matter of fact the system associated with H η (1) under the canonical symplectic structure can be regarded as a genuine (maximally superintegrable) η-deformation of the N D usual KeplerCoulomb (KC) system, since the limit η → 0 of H η (1) yields
Moreover H η can be naturally related to the Taub-NUT system [4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15] since M N can be regarded as the (Riemannian) N D Taub-NUT space [16] . Though the system, according to the Perlick [17, 18, 19, 20] classification, pertains to the class II, and thus has to be "intrinsic oscillator", in the sequel it will be clear that with respect to the Euclidean KC it plays an analogous role to the Darboux III in comparison with the usual harmonic oscillator [21] . In fact we want to stress that, up to obvious changes, the solution to the classical equations of motion for the Darboux III system can be found on the same footing, through the factorisation of the corresponding classical Hamiltonian. The results concerning that system, both in the classical and in the quantum case, have been already found and will be published later, in a larger more general paper [22] .
2. Classical Taub-Nut: factorization, spectrum generating algebra and solution to the equations of motion In the following we drastically simplify our setting, and essentially limit our considerations to the physical (i.e. 3-dimensional) case. As mentioned in the abstract we adapt and in a sense generalize the construction and the results derived in [2] . We will study the Hamiltonian
where m, k and l are positive constants, η is the deformation parameter, H 0 is the "undeformed" Kepler-Coulomb Hamiltonian and K(r) . = r r+η . In this equation we introduced the radial coordinate r := |q|. The main idea is to use the framework of SUSYQM in the context of classical mechanics to derive algebraically the classical trajectories (see ref. [23] ). Let us then consider the Hamiltonian (5) written in a slightly different form, namely:
with {r, p} = 1. Multiplying both sides of (6) by r(r + η) we get:
Now, as in the undeformed case , at any r = r s we can factorize (7) as follows:
where for the time being A + , A − are unknown functions of r, p . Paraphrasing [2] we make the following choice for
The "arbitrary function" f (r, p) will be determined by requiring the closure of the Poisson algebra generated by H and A ± . More precisely, we impose:
where the functions α, β wait to be determined. Inserting A ± in (8) we get
and requiring that A ± obey the proper Poisson brackets we arrive at
and finally:
A mandatory check is that in the limit η → 0 we get back the undeformed Poisson algebra that is in fact, for 2m = k = 1, the result found in [2] . To make the identification even more perspicuous we can introduce
entailing the following su(1, 1) algebra relations:
Now we can define the "time-dependent constants of the motion"
such that dQ ± dt = {Q ± , H}+∂ t Q ± = 0. Those dynamical variables take complex values admitting the polar decomposition Q ± = q 0 e ±iθ 0 and allowing in fact to determine the motion, which turns out to be bounded for E = −|E| < 0. Indeed we have:
or else
where
(following from A + A − +γ(H) = q 2 0 +γ(H) = −l 2 ). At this point, summing and subtracting we obtain:
It is immediate to verify that taking the sum of the square of these two equations we obtain the equation (8) restricted at H = −|E|. At this point, thanks to the above relations, we are able to obtain t as a function of r:
is the angular frequency of the motion. Concerning the solution to the equations of motion, however, as we mentioned in the introduction, it is evident that t is a multivalued function of r, due to the presence of the "inverse cosine" function. Actually t it should be understood as τ + 2πn/Ω where τ ∈ [0, 2π/Ω]. To recover univaluedness, we have to introduce a "uniformization map", which is trivially got by the (obvious) periodic variable cos(Ωt). In the limit η → 0, the results for the flat Kepler Coulomb are recovered (see formula (18) in [2] ). We can say that the motion has been algebraically determined.
A number of plots are reported, showing the behavior of V ef f (r) . = 
Explicit formula for the orbits and third Kepler law
So far, so good, one might be tempted to say. However, one can easily realize that something is missing in our picture, even if we restrict our considerations to the 3-dimensional case. Now, as we have shown in the introduction, our system is maximally superintegrable, and this maximal superintegrability is strictly related to the existence of the Runge-Lenz vector: then we expect that, as it happens for the standard Kepler-Coulomb system, this extra symmetry will play a crucial role in determining the form of the orbit. As we all know, in the undeformed case. in the orbits are conic sections , namely ellipses for bound trajectories. What happens when η = 0? To identify the analytic form of the orbits, we will just consider the simplest and more physical case, namely η > 0. To this end, we will closely follow, besides the classic Goldstein's treatise (ref. [24] ), the excellent notes by L.Galgani and G.Carati (ref. [25] ), which however are available only in Italian. In R 3 the Runge-Lenz vector R, when evaluated on-shell, can be written as:
Again, we see that its expression is formally identical to the one holding in the flat case and is obtained by letting k → k − η|E| := K. For its square we can write (again on shell ):
whence
At this point, by elementary algebraic manipulations, it is easy to write the equations for the orbits in terms of r := |q| and θ, getting:
(p being the parameter and the eccentricity of the ellipses) which is formally the same expression holding in the flat case. But now we have:
so that 2 = 1 − 2|E|l 2 /mK 2 . In the above expression θ and θ 0 are the angles that the vectors q and R form with the half-line θ = 0 (of course θ 0 is a constant of the motion). To check whether the third Kepler law holds in the deformed case as well, we have to compute the ratio a 3 /T 2 = 4π 2 a 3 Ω 2 where
and a = a (η) is the larger semiaxis, defined as a =
, r ± being the inversion points (where p r + = p r − = 0) is obtained by taking the roots of
entailing
In the limit η → 0 we recover the larger semi axis of the flat case, and then
The so called third Kepler law is obtained by assuming that the ratio m M between the mass of the planet and the mass of the sun be very small so that the reduced mass can be identified with the mass of the planet, entailing k = GM m and thus
GM . In the deformed case the analogous formula reads:
The Kepler third law is then violated, as the r.h.s of the above expression, even assuming k = GM m, keeps its dependence upon m and E:
Some comments are in order as concluding remarks, which seem to imply a sort of difference between the classical and the quantum case. Namely, according to the results obtained in [1] in the quantum case, for η > 0, one has a very simple coupling constant metamorphosis, amounting just to replace k by k + ηE: this substitution holds both for the spectrum and for the eigenfunctions. We have already seen in [21] that a similar single substitution applies for the quantum Darboux III as well. However, in the classical Taub Nut case, in order to close the Poisson algebra, one has to cope both with k − ηE and with k + ηE. An analogous behaviour is exhibited by the classical Darboux III [22] .
